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Abstract For a random field on a general discrete set, we introduce a con- 
^N , dition that the range of the correlation from each site is within a predefined 

compact set D. For such a random field w defined on the model set A that 
satisfies a natural geometric condition, we develop a method to calculate the 
^Q ' diffraction measure of the random field. The method partitions the random 

Q I field into a finite number of random fields, each being independent and admit- 

• ■ ting the law of large numbers. The diffraction measure of w consists almost 

■■M ' surely of a pure-point component and an absolutely continuous component. 

Cd . The former is the diffraction measure of the expectation E[a;], while the in- 

verse Fourier transform of the absolutely continuous component of to turns 
out to be a weighted Dirac comb which satisfies a simple formula. Moreover, 
the pure-point component will be understood quantitatively in a simple exact 
formula if the weights are continuous over the internal space of A. Then we 
provide a sufficient condition that the diffraction measure of a random field 
on a model set is still pure-point. 
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1 Introduction 

A physical quasicrystal is a material which has (1) a diffraction pattern with 
Bragg peaks and (2) a symmetry that ordinary crystals cannot have. The 
set of the atomic positions in a quasicrystal is mathematically modelled by 
a model set [17], which is defined by introducing an extra space ("internal 
space" ) , and a relatively compact subset ( "window" ) of the internal space. 
The topological properties of the window cause the pure-point diffraction 
measure (see [22] and [7] for example) of the model set, which explain the 
aforementioned properties (1) of the quasicrystal. 

Although model sets are proved to have necessarily a pure-point diffrac- 
tion measure, real quasicrystals have diffraction measures with not only 
Bragg peaks (pure-point component) but also diffuse scattering (absolutely 
continuous component). The phenomenon is explained from a physical point 
of view with a probabilistic effect in [I -I], and in [5] where to the sites of the 
model set associated are independent random variables. In [12], Hof regarded 
the thermal motion of atoms as i.i.d. random displacements, and then studied 
the influence on the diffraction measure by aperiodic monoatomic crystals. 
Since correlations ([Hi]) arc present in a quasicrystal, wc equip model sets 
with a localized probabilistic dependency, to quantitatively study the ability 
of diffuse scattering to characterize local structures and defects in materials. 
In [1-5], Lenz employed a dynamical system of point sets to study the diffrac- 
tion measures of percolation and the random displacement models based on 
aperiodic order. Recently, in [20], Miiller and Richard also made a rigorous 
approach on these models by using sets of cr-algcbras. 

For a model set yl, we consider a complex- valued random field {Xg}seA 
with dependency localized as follows: there is a finite patch D such that each 
site s has correlation on, at most, sites belonging to the patch D relative to 
s. This localized dependency condition seems essentially the same as the so- 
called "finite range condition" of stochastic analysis. We call a random field 
on a model set subject to the localized dependency condition a finitely ran- 
domized model set. We develop a method to calculate the diffraction measure 
of such complex- valued random field (Section 3). For the diffraction measures 
of finitely randomized model sets, we determine quantitatively the pure-point 
component (in Section 5) and the absolutely continuous component (in Sec- 
tion 4). As a consequence, if the fourth noncentral moments {E[ [Xsl^] }s£A is 
bounded, and if the expectation E[Xs] at each site s as well as the covariance 
Xg and Xs-g of sites s and s — g in the finitely randomized model set are 
given by bounded piecewise continuous functions e(s*) and Cg{s*), where s* 
is the value of s by the star map, then 

1. the inverse Fourier transform of the absolutely continuous component is 
a Dirac comb such that the support {^i, . . . ,g„} is the smallest D and 
the weight of the Sg^ is the average strength of the covariances between 
all the (7i-distant points. 



2. the pure-point component is the diffraction measure of a Dirac comb 
'^seA^i-^s^^'i' ^^^ expectation of the random field. 

This type of theorems are also seen in some other models with i.i.d. condi- 
tions. See [2] and references therein. 

On the other hand, from the viewpoint of stochastic processes, we provide 
a sufficient condition for a randomly weighted Dirac comb on a model set 
to have diffraction measure whose expectation is still pure-point. The suffi- 
cient condition is satisfied when the set of the weights Xg forms a Wiener 
stochastic process {X^^-i/y\}y^w parametrized by the window. We draw this 
observation by providing quantitatively the diffraction measure of the deter- 
ministically weighted Dirac comb on a model set. The quantitative estimate 
will be established with the help of the so-called torus parametrization which 
was introduced in [.']], then was extended in [22] to the locally compact, a- 
compact Abelian Hausdorff groups (lcag for short) , and was finally fully 
exploited in [4]. Our approach is mostly based on the finite local complex- 
ity (FLC) of model sets, as in [22]. 



2 Basic properties of model sets: review 

Throughout this paper, & and <Sint arc locally compact, cr-compact Abelian 
Hausdorff groups (lcag for short). 

Definition 1 A cut-and-project scheme (c.-p. scheme, for short) is a triple 
S = (©, ©int, L) such that (1) <S and ©int arc called a physical space and an 
internal space respectively; (2) L is a lattice of © x ©int, that is, a discrete 
subgroup of © X ©int with (© x (3int)/L being compact; (3) The canonical 
projection iT : © x ©j^t — > © is injcctive on L, and the image of L by the 
other canonical projection 7Ti„t : © x ©int — >■ ©int is dense in the internal 
space ©int- For each s e n{L), we write s* for TTinto (-ff|^)^^(s), L for n{L), 
and L* for (L)*. The (— )* is called the star map. Define 

AsiW) := {n{x) ; xel, i7int(a-) £ W}. 

We will often omit the subscript S when it is clear. 

For sets A, B C U 3 x, \ct A ± B he {a ± b ; a e A.b e B} and x + A he 
{x + a ; a ^ A}. A set yl C © is said to be uniformly discrete, ii {A — A)nU = 
{0} for some open neighborhood U of 0, while A is said to be relatively dense, 
if © = yl + X for some compact set K. For a set U, Int{U), Cl{U) and 
dU stand for the interior, the closure and the boundary Cl{U) \ Int{U), 
respectively. 

Lemma 1 If A d (5 is uniformly discrete, there is a compact neighborhood 
U of such that U = -U and (s + [/) n (s' + C/) = for all distinct s, s' S A. 

Definition 2 (Model set) Let (©, ©int, L) be a c.-p. scheme. By a window, 
we mean a nonempty, measurable relatively compact subset of the internal 
space ©int- If W C ©int is a window, yl(W) is called a model set. 



It is "well-known that any model set is uniformly discrete. See [19, Propo- 
sition 2], for example. Every LCAG has a unique Haar measure up to nor- 
malization. Throughout this paper, we fix Haar measures of the LCAGs <5 
and ©int- The Haar measure of ©int is denoted by 9, and the integration of 
a function with respect to the Haar measure of (S (©int resp.) is denoted 
by J ■ ■ ■ dx {J ■ ■ ■ dy resp.) as usual. The Haar measure of a set A is just 
denoted by |yl| if no confusion occurs. By a van Hove sequence of 0, we 
mean an increasing sequence {Dn}n<£N of compact subsets of © such that 
\Dn\ > for every n e N = {1,2,3,...} and for every compact subset 
/^ C ©, lim„_i.oo |5"^(D„)| /\Dn\ — 0, where for a compact set A C &, 



d 



K 



{A) := {{A + K) \ Int{A)) U ((C/(© \ ^) - K) n ^V (1) 



In [22] , the existence of a van Hove sequence for any LCAG is derived from 

Proposition 1 ([ : , Theorem 9.8]) For every locally compact, compactly 
generated Abelian Hausdorff group H, there are l,m G Z>o, a compact 
Abelian Hausdorff group K, and an isomorphism (f from H toMJ" x Z™ x K. 

Below we fix {D„}„. For a lattice i C © x ©int, the measure of the 
fundamental domain is denoted by \L\, where the measure is the product 
measure of the Haar measures of © and ©int- 

For each discrete set yl of ©, the density of A with respect to the van Hove 
sequence {£»„}„ is denoted by dense{i5^}„(yl) := lim„^oo Y.s£AnD„ 1-^*™!"^- 

Let C{A, B) be the set of continuous functions from A to B. We say a 
class {Vi, . . . , Vn\ of pairwise disjoint, relatively compact sets is a Riemann 
admissible partition of relatively compact W^ if lJi=i Vi = W and the Haar 
measure of each boundary dVi is 0. Let ly '■ ©int -^ {0, 1} be the indicator 
function of a set V, that is, Iviu) = 1 ioi y G V, and otherwise. 

Definition 3 For a relatively compact set W C ©int, we say a function 
./ : ©int — >■ K is bounded piecewise continuous on W, if it is bounded and there 
is a Riemann admissible partition {W^i}"^i of W such that f\wi is continuous 
with respect to the relative topology induced by ©int- Let Cbp(©int) be the 
set of functions / which is bounded piecewise continuous on some relatively 
compact W C ©int such that supp/ C Cl{W). 

We can slightly generalize [(i, Proposition 6.2] as follows (see also [19]): 

Proposition 2 (Weyl's theorem for model sets) For any relatively com- 
pact window W C ©int such that \dW\ = and for any f e C6p(©int), we 
have 

It is proved by applying Proposition 6.2 of [G] to each Wi of the Riemann 
admissible partition {VFi}"^]^. 



2.1 Diffraction 

Mathematical diffraction theory, introduced by Hof [13], is reviewed below 
according to [7]. We say a countable set S* C © is FLC, if S* — S* is closed 
and discrete. Let a bounded complex sequence {ws} „ be indexed over an 
FLC set S' C © such that the corresponding Dirac comb w := Ylses "^s^s 
defines a regular Borel measure on &. Here Sg is a Dirac measure of 25 such 
that Ss{A) = 1 if s € ^ and otherwise for any A C &■ We often identify 
w with {u)s}sg5. For a van Hove sequence {Dn}n on (S, set w„ := u)\d„ '■= 
'^sesnD ^s6s- For any complex measure /i on ©, let fl be fl{A) = /x(— A). 
Set 7(1," := ujn * u^n/\Dn\, where * is the convolution. Actually we have 7^" = 
"^aes-sVi^ (9)^9 where rji^ (g) is the summation oi WsWt\Dn\~^ over s,t € 
S n Dn such that s — t ~ g. Since S is discrete and D„ is compact, ryiJ is 

(n) 

well-defined, and 7(L is so. 

Let Cc{&) be the set of complex continuous functions on © with compact 

(n) 

support in 0. Let the autocorrelation measure of w be the limit 7^^ of 7i in 
the vague topology. Then ^i^ is written as 

1'^= Y] Vioi9)^g^ 'nu:{g)= lim 7?ff)(g). 

^ — ^ n— J-oo 

ges-s 

For any LCAG H, the dual group of H is denoted by H. When ft, is a Haar 
measure of H, the Fourier transform of a function f : H ^ C is f : H -^ C 
such that /(x) '■= /w /(2;)x(^)'^^(^)- The diffraction measure of w is, by 
definition, the Fourier transform 7^ of the autocorrelation measure 'y^. A 
measure on © has Fourier transform as a measure on © as follows: 

Proposition 3 ([ , Theorem 2.1, Theorem 4.1]) Suppose X is a measure 
on © . The Fourier transform (if it exists) of X is a unique measure X on & 
such that for all Lp 6 Cc{0) 

{^ * (p){x)dX{x) == / \(p{-x)? dX{x)- 

Moreover if X is positive definite (i.e., J^i^ * ip){x)dX{x) > for all (p S 
Cc{&)), then X indeed has the Fourier transform X. Here 1^ : © — > C &e 

.T e © M> ip{-x). 

The Haar measure on © is Sq where 5q is the Dirac measure at on ©int- 
Then the equation of Proposition 3 amounts to a Plancherel formula. The 
integral of a function with respect to the Haar measure of © is denoted by 
/ • ■ • dx- Because ^ = t?^;, we have 7!^ = 7cj and thus 7^ is positive by [1, 
Proposition 4.1]. 

A measure /i on © is said to be translationally hounded, if for every ip G 
Cci<3) the set {J^ ip{x + t)d^i{x) ; t S ©} is bounded. 

Baake-Moody established the pure-point diffraction of weighted Dirac 
comb on model sets, by using Weyl's theorem ([G, Proposition 6.2]) for model 
sets and an ingenious topological space. 



Proposition 4 ([/ , Theorem 2]) For any model set A{W) with W C (Smt 
being a window and \dW\ = 0, and for any f : (Si„t —5- C supported and 
continuous on Cl{W), the diffraction measure 7^ of the Dirac comb lo = 
X^seyi(w) fi^*)^s ^'^ translationally bounded, nonnegative and pure-point. 



3 Finitely randomized model sets 

For a random field on discrete sets, if the range of the correlation from each 
site is within a predefined compact set, we can easily find an independent 
subset of the random field (Subsection 3.1). For such a random field defined 
on a model set that satisfies a natural geometric condition (Subsection 3.2), 
we prove that such a random field can be partitioned into a finite number 
of random fields, each being independent, in Subsection 3.3. Hereafter, a 
"random variable" is abbreviated as "RV," and the cardinality of a finite set 
A is denoted by ^A. 



3.1 Independence in random field 

Definition 4 (Dependency set) Let {Xsj^gg be a random field on a dis- 
crete set S. A dependency set{d-set for short) is a set D = —D G S — S such 
that for any finite sets P, Q C S*, if a set {P — Q) is disjoint from D, then 
a pair of a #P-dimensional random vector {Xs)seP and a #(5-dimensional 
random vector {Xs)s^Q is independent. A d-set necessarily has as an el- 
ement. If a random field has a dependency set, we can replace it with an 
arbitrary superset of it. 

A d-set is a patch such that each site s has correlation on, at most, sites 
belonging to the patch relative to s. Recall that a sequence {Xi,X2, . . .} of 
RV's is independent, if so are any finite subsequences. 

Lemma 2 (Independence) Let D be a d-set of a random field {Xs}ses on 
an FLC subset S of an LCAG. If N C S - S and D n {{s + N) - {t + N)) = 

for any distinct s,t g S, then a sequence < Y[te(s+N)nS '^'^ l ^ ^ S > is 
independent. Furthermore, the random field is independent, if and only if the 
random field has {0} as a d-set. 

Proof We show that a sequence < Ylte(s+N)ns -^t ; s e 5' > of Rv's is in- 
dependent for any finite subset S" ~ {si, . . . ,Si,} of S. The proof is by 
induction on ly = fj^S' . When t/ = 1, it is trivial, so assume z^ > 1. A set 
({si, . . . , Sy^i] + N)- {s^ + N)^ [XZI {s^+N~ (s^ + N)) is disjoint from 
D by the premise. So, a random vector (X4 ; t £ ({si, . . . , s^^i}-\- N) n 5) is 
independent from a random vector (^Xt ; t £ (s^ -f- N) n 5). Thus a {v — 1)- 
dimensional random vector ( Yite(s+N)ns-^* ' l<*<t'^l)is independent 
from an RV Iltefs +N)ns ^*' Because the {v — l)-dimensional random vector 
is independent by the induction hypothesis on v, we are done. The if part 



of the last sentence is proved by taking A^ — {0}, while the only-if part is 
immediate. 

Definition 5 A finitely randomized model set (frms for short) on a model 
set yl(M^) is a random field {Xs}s£A{W) with a finite d-set D. 

The FRMS can be regarded as a Dirac comb with random weights, and when 
each Xs is an indicator (i.e., a {0, l}-valued Rv), we intend that Xg > if 
and only if s G yl(M^) indeed appears. 

Example 1 Let F = yl(W^) be a model set, as in Definition 1, with the star 
map (— )* being injective, and let C be {pi, . . . ,p„} C L such that {W + 
Pl) r\{W +p*)fM* = % (i^ j). Then A = A{W + C*) is a model set, and 
for every s £ A there are unique t € F and unique i € {1, . . . , n} such that 
s = t+pi. Let {Yt}t<£r be an infinite independent sequence of n-dimensional 
random vectors taking values in {0, 1}". Define a random field {Xs}s^a by 
putting Xt+p- as the i-th component of Yj. Then we can prove that {Xs}s^a 
is indeed a random field by Kolmogorov's consistency theorem [23, p. 129]. 
Below we explain that D := C — C is a. d-set of this random field. Let P, Q 
be finite subsets of A such that the pair of a #P-dimensional random vector 
{Xs)s,^P and a ^Q-dimcnsional random vector {Xs)si£q is not independent. 
Take minimal subsets P', Q' of F such that P C P' + C and Q d Q' + C. 
By the premise, the pair of random vectors {Yt)ti£P' and (Yt)teQ' is not 
independent. But {Yt}t£r is independent, so there is t G P' H Q' . Then, by 
the minimality of P' ,Q', there are p,q G C such that t+p E P and t + q E Q. 
Therefore p-qeP-Q. Thus (P - Q) n £» ^ 0. 

Example 2 (^FRMS caused by random shift of windows) For a model set yl(W) 
with both of © and ©int being Euclidean vector spaces, physicists often 
associate to each site s G L its own window Ws = W -\- ys where the "shift" 
Us is an RV ranging over R C Q3int, a window with nonempty interior. Then 
W + Ris again a window. For s G A{W + R), define an indicator RV Xg to 
be 1 for s* G Ws, and otherwise. If the sequence {ys]s£A{w) of the Rv's is 
independent, then the random field {Xs}s£A(w+r) is independent, so it is a 
FRMS on a model set A{W + R). 

However, if ys(j-^) — yt{^) for any s^t G L and any u) of the probability 
space, then the random field is not a FRMS, because no finite d-set can be 
taken owing to the existence of a relatively dense subset F := A{{W + R)\ 
W) C A{W+R) such that a sequence {Xs}s£r of the Rv's is not independent. 
Here the relative density follows from Int{{W + R)\ W) ^ 0, and the proof 
is in the appendix. 



3.2 Finitely periodic model sets and internal space 

Definition 6 For any LCAG H, any set A C H, any x G A— A and any s G A, 
define £a{x ; s) as ^^^(O; s) := and £^(a; ; s) being the maximum k G Z>o U 
{cx3} such that {s — nx ; < n < k} C A. Set £a{x) ■= maxs^A £a{x ;s). 
If iAix) is finite for any x G A — A, we say A is finitely periodic. We say a 
FRMS {Xs}si£A is finitely periodic, if so is A. 



If {Xs}sgA is finitely periodic, then A has no infinite arithmetical chain, 
and actually, for each x G A ~ A, the length of the arithmetical progressions 
with the common difference being x is uniformly bounded from above. 

If a model set A is finitely periodic, then the star map * is injective, 
because i^ix ; s) — oo for any x £ (ker*) \ {0} and any s £ A. 

Lemma 3 A model set is finitely periodic, if the star map is injective and 
the internal space is isomorphic to M' x Z™ x F for some l,m E Z>o and 
some finite Abelian group F. 

Proof Assume the model set yl(W^) is over a c.-p. scheme (©, ©int, L) and let 
N = #F. Suppose X e A{W) ~ A{W) satisfies that for all ^ G N there is 
si e A{W) such that #{s£ - nx e A{W) ; < n < Ni} = Ng. Let (p be the 
isomorphism from ©jnt to the M' x Z™ x F and let -01 be a homomorphism 

L ^ L* ^ Q3i„t ~ K' X Z" X F ^ M' X Z™ where tt is the canonical 
projection, and ■02 be the other homomorphism from L to F. Because F is 
a finite group, Nip2ix) = 0. Since the star map is injective, ipi{Nx) ^ 0. So 
the compact set tt {ip{Cl{W))) C M' x Z™ contains {ipi{st)-nipi [Nx) ; < 
n < ^}. In fact, we can take £ greater than d/d' where d is the diameter of 
the compact set tt {(p{Cl{W))) and d' is the norm of -01 {Nx). Contradiction. 

Example 3 1. The vertex sets of the rhombic Penrose tilings are finitely 

periodic model sets with ©int = C x (Z/5Z) and injective star maps. See 

[fS, Section 3.2]. 

If an internal space is the compact Abelian group of p-adic integers, we 

can find a model set [8] which is not finitely periodic. 
2. Let the internal space be the ring Zp of p-adic integers, which is a compact 

Abelian group. When the physical space is M, the star map is the canonical 

injection from Z to Zp, and the window W is Zp, the model set is not 

finitely periodic. 



3.3 Decomposition of finitely randomized model sets 

Definition 7 A cut-and-project subscheme of a c.-p. scheme {&,&int, L) is 
a c.-p. scheme {<3,Sjint,M) such that M C L, ijint C ©int, and the topology 
of ibint is the relative topology induced from ©int- 

Lemma 4 // an LCAG i^int is a subgroup of an LCAG ©int; then the Haar 
measure 9 o/ ©int restricted to i^int is a Haar measure ^ of S^i-at such that 

e {de,jB)) = ^ ^{dr,,jB n JOi„t)) = 0. 

Proof It is immediate that ^ is a Haar measure of ijint- Because dy^.^^ {BCiSJint) 
is {Cl{B n iOint) n iDint) \ {Int{B n iDint) n i^int) contained by {Cl{B) nioint) \ 
Int{B) = 9e,„,(B) n.J5i„t, if |9e5.„,(-B)| = then |a^,„,(B ni^int)! = 0, which 
implies t?(9i--,j„j (Sn.$5int)) = since •& is the restriction of ©i„t's Haar measure 

to iOint. 



Lattices in 25 x i/ with H being an LCAG are written as L, M, . . ., and 
their canonical projections to © are written as L, M, . . .. For an LCAG i? , let 
dH{A) be the boundary of A with respect to the topology of H . 

Lemma 5 For any c.-p. scheme {(&,(&int-, L) with L being finitely generated 
and for any finite subset D C L there are a c.-p. subscheme (&,S)i^t,M) 
of (©, ©int,i) cind a finite complete representation system R of L/M with 
D c R. 

Proof By the structure theorem of a finitely generated Abclian group, L is 
isomorphic to Z'" x Z/Z„j x • • ■ x Z/Z„^ for some u,v G Z>o and for some 
integers ni, . . . ,n„ > 2. For an integer k dividing all of ni, . . . ,nfc, define 
M ~ kL. Then we can find a finite complete representation system R D D. 
Let M := {{t,t*) ; t e M} and i^i„t := Cl{M*) C ©int- Then i^int is a a- 
compact LCAG with the relative topology induced from ©int, and (©, i^int, M) 
is a c.-p. scheme with the star map being a restriction of that of (©, ©int, L). 

We consider the following condition: 

Condition 1 Ao{W) is a finitely periodic model set over a c.-p. scheme 
O = (©, ©intji) with L being finitely generated. 

Recall that is a Haar measure of ©int- 

Theorem 1 (Decomposition) Under the Condition 1, there are a c.-p. 
subscheme S ~ (©,iOint,M) ofO and a finite complete representation system 
R^{rc eL; C G L/M} of L/M such that for each g £ Ao{W) - Ao{W) 
with g = r £ R mod AI , we have 

L Aci{W) is the disjoint union of the sets 

Sc^k-=rc + As{Vc^k). iC£L/M, < k < £ -.^ eAo(W){9 - r)) 

for some relatively compact sets Vc.k,' 

2. the sequence {X^X^-g ; s G Sc.k, s — g £ AoiW) } is independent; and 

3. Ife{dW) = 0, dcnsc[D„}„iSc,k) exists for all C £ L/M andO<k<i. 

Proof Let S and R be as in Lemma 7 applied for a d-set D of the frms. 
Since £ D, li g = then r — 0. Because Ao{W) is finitely periodic, i is 
well-defined and we have and relatively compact sets 

Wk:={y£W; ewi9*~r* ■,y) = k} (0 < fc < ^). 

(1) Then Ao{W) = llLoi* £ L ; s* £ Wk} where U is a disjoint 
union. Since L = UceL/MiT^c + M), we have AoiW) = Ul=o IIcgl/a/I'S ^ 
re + A/ ; s* - r^ £ (Wk - r^) n ijint} because M* C iOint- Therefore 
AoiW) = Ui=oUceL/M{rc+As{ (Wk - r^) niOi„t) )■ So 

Vc,k^{Wk~r*c)nSJint. (2) 
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(2) By Lemma 2, it suffices to prove the following claim : for any distinct 
s,t £ Sc,k, {{s, s ~ g} — {t,t — g}) fl I? = 0. In other words, for any g' £ D 
we have (i) s — i = (s — g) — {t — g) 7^ 5'; (ii) s — (t — g) ^ g'; and (iii) 
{s~g)~t^g'. 

It is proved as follows: By Lemma 5, MOD = {0}, which derives the 
assertion (i) from s—t € M\{0}. If g = 0, then (ii) and (iii) follow from (i). So 
let 5 :^ 0. Assume (ii) is false. Then g' — g = s — t E M , so g' = g = r mod M 
for a unique r £ R. Then g' = r, because g' £ D belongs to R. Therefore 
t — s ^ g — r. But t* — {g* — r*) = s* £ Wk 5 t* leads to a contradiction. 
Therefore (ii) holds. The assertion (iii) follows from (ii) since D = —D. 

(3) The premise |9©i„tVF| = implies 

^{d,,,..,Vc,k) = 0. (3) 

To see it first observe that Wk = W r\ {W + g - r) f] ■ ■ ■ n {W + k{g - r))\ 
{W +{k+\)[g — r))). So the premise implies \d(s^^^{Wk — r^)] = because of 
fact 9e.„,(^ n B) c 9e.„,(^) U c)e.„,(B) and fact a©.„,(^) = 90i„,(e5i„t \ A). 
Thus (3) follows from Lemma 4. 

Since {Dn — rc)n is a van Hove sequence too, dense(£i„-rc)„ (^^(^c.fc)) 
converges by Proposition 2. But it is dense^^i^i,^ {Sc.k) by Theorem 1(1). 



4 Absolutely continuous component of diflfraction and covariance 

If a complex-valued frms lj = {Xs}s<^A satisfies Condition 1 and all of the 
expectation E[Xs] and the covariances between Xs and X^-g are "continu- 
ous" with respect to s* £ ©int for any g £ A — A, then we quantitatively give 
the diffraction measure of ut as follows: 

— the inverse Fourier transform of the absolutely continuous component is 
a Dirac comb whose support is the smallest d-set; and 

— the pure-point component is the diffraction measure of a Dirac comb 
which is the expectation of the frms w. 

Here 

Definition 8 The expectation of a FRMS u> = {Xs}s£A is, by definition, a 
Dirac comb E[a;] == {E[Xs]}s£yi, that is, Y.s<^A^i^s]5s- 

We use Kolmogorov's strong law of large numbers. By the variance of an 
RV X, we mean V[X] =E[\X - E[X] \^] = E[ \X\^] - E[X]E[X]. 

Proposition 5 ([23, Corollary 1.4.9]) Suppose {bm ', in £ N} be a non- 
decreasing sequence of positive numbers which tends to infinity, and that a set 
{Xn}nen of square integrable RV'.s is independent. IfYl^=i^[^rn]b'^ < 00, 
then 

1 '" 
lim T—/^{Xi — E[Ari] ) = {almost surely), 

m^oc bm ^ 

2—1 
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Lemma 6 If A C & is a nonempty discrete set and {Ys}si£A is an inde- 
pendent set of RV 's with the variances Y[Ys] bounded uniformly from above, 
then 



seAnD„ 



lim -rr-. ;:^^ > (K - EfFcl) =0 (almost surely). 



Proof There is an enumeration {sijieN of A without repetition which ex- 
hausts AnDi first then AriD2, AOD-s, and so on, because #(AnZ?„) < cxd 
foUows from the discreteness of A and the compactness of Z?„ . For ttt, G N let 
b„i be #(yl n Dn) if Sm G AO Z?„. Then 6m > m and the equality holds for 
m = #(A n Dn), because the sequence {£>„}„ is increasing. So X]m=i K? — 
X]m=i ™~'^ < oo, and X^^^i V[Yg^Jm~^ < oo by the premise. Moreover 
the sequence {Kj^jigN is independent from the premise. So the sequence 
{ Yy'^iO^s, - HYs,] ) / b,n }^gj^ converges to almost surely, by Proposi- 
tion 5. Hence a subsequence { J2s£AnD„0^s ^M^s] ) / #{A n £>„) j^^^^ docs 
so almost surely. 

By the covariance between complex- valued Rv's Xs and Xt, we mean 



Cov[X„ Xt] - E[(X - E[X]){Y - E[Y])] = E[X,Xt] - E[X,]E[Xt]. 

Condition 2 A frms {Xs}seA{W) has functions e,Cg £ Cbpi&int) such that 

E[Xs] = eis*), {s G AiW) ) ; 

Cov[X„ Xs-g] = cg{s*), {g e A{W) ~ A{W), s e A{W) n {A{W) + g)) . 

Example 4 In Example 1, suppose that there are m £ C(©int,IR") and S € 
C(©int,IR"^") such that m{t*) is the mean E[Yf] and S{t*) is the covariance 
matrix E[(Yf - E[Yt])(Yt - E[Yt])^] for aU t G F. Then functions e, Cg {g € 
A — A) indeed belong to Cbp{<&int). For the frms of Example 2, assume further 
that each shift j/s is subject to a continuous probabilistic density function h 
with supp ft, = R. Then, for s G L, {Iw * h){s*) ~ f^ iw{s* — y)h{y)dy = 
Iw3s-- Hy)dy = P{s* e W + ys), the probability for s G A(W + R) to 
indeed appear. So e = Iw * h. 

Theorem 2 Let lo = {^i5}sgyi(w) be a frms such that Condition 2 holds, 
{E[ |Xs[^] }sgyi(iy) is bounded, and W is compact but \dW\ — 0. Then the 
diffraction measure ^yZ of lo is almost surely JeIlj] + ^i where 

1. 7e[lj] is a pure-point diffraction measure. 

2. A is an absolutely continuous, real-valued measure on &. In fact, there is 
some d-set D of the FRMS w such that the Radon-Nikodym derivative of 
A with respect to the Haar measure dx of & is "^neD ^aX{^9) where 



-Wn{W+gn '""" seA{W)n{A{W)+g)nD„ l^"l 

Proof Wc use the notation of Theorem 1. Let g e Ao{W) - Ao{W). 
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Claim 1. s, s — g E Aq{W) n I?„ if and only if there is a unique (C, k) S 
(L/M) X {0, .' . . , £} such that s G Sc,k n (ylo(M/') + g) n !)„ n (L>„ + g). 

2. There are ro € R and m € M such that ^cfc n (ylc)(VF) + .g) = re + 
As{Wc,k), Wc,k = Vc,k n {{W -rD+ m*) DSJint) and g + ro^rc+m. 

3. lim„^oo I]sgyio(W)nn„ (■"■)■ I AiT^ is summation of 

hm J2 {■■■)-\Du\-' 

se(rc+vl5(VKc,fc))nD„n(£l„+g) 

over (C,fc) G (i/A/) x {0,...,^}. 

Proo/ of Claim 4 (1) By Theorem 1(1) and the finitencss of (L/M). (2) 

Because of Theorem 1(1). (3) is due to (1) and (2). D 

Suppose C E L/M, < k < £ and Sc.k 7^ 0- The variances V[XsXs^g] < 

E[\XJC^\^] < E[\Xs\'^]/2 + E[\Xs-g\'^]/2 are uniformly bounded, because 
of the premise. By this, Theorem 1(2) and Lemma 6, it holds almost surely 
that as n goes to infinity, the deviation of 



V ^'^'~' (4) 

from the expectation tends to in absolute value. 

Claim Let / G Cbp{&int)- Then, as n — ?> cxd, both of the summation of 
f{s*)\D„\~^ over s G (Vc + As{Wc,k)) n £»„ n (£»„ + g) and that over 
s G (re + As{Wc,k)) n Dn converge to the same value. 

Proof The absolute value of the difference between the two summations is 
not greater than ^se{rc+AsiWcM))niD„\{D„+g))\f('^*)\/\^^\' ^liere re + 
As{Wc,k) is uniformly discrete by Claim 4(2). Thus by Lemma 1, there is a 

compact neighborhood U oiO such that for all n, ^ ( {re + As{Wc,k)) H (!?„ \ 

(!)„ +5))) is not greater than \D^ \ (£»„ + g)\ / \U\. Since f{y) G Chp(©i„t), 
|/(j/)| is uniformly bounded by a positive number 6, so the absolute value 
of the difference is less than or equal to |D„ \ (D„ +g)| • &|C^|~ / \Dn\ = 
b\U\-^\{Dr,+g) \ i?„| / IA.I < b\U\-^ |a^"^9>(I?„)| / |I?„| ^ 0. Moreover, by 
Proposition 2, the summation of /(s*) / |£)„| over s G {re + As{Wc,k)) H D„ 
converges as n goes to infinity. To see it. Claim 4(2) implies d^^^^{V) is con- 
tained by 9i--,j„j(Vc',fc) U9i--,j„j {{W — r/j + m*) n .^Dint) which has null measure 
with respect to the Haar measure ■& of ijint, where •§ {d^-}^^^{Vc,k)) = by (3), 
while \dW\ — implies that {W — rjj + m*) fli^int has i?-null boundary by 
Lemma 4. 

By applying Claim 4 for f{y) := 1, #{Sc,k n D„ n (D„ + g))/\Dn\ tends 
to dense{D^}^ {re + As{Wc,k)) = dense{£)^}^yl5(F), which is convergent. 
Thus, it holds almost surely that as n goes to cx), the deviation of 



f^e{rc+As{Wc,k))nD„n{D„+g) ' ' 
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from the expectation tends to in absolute value. The expectation of (5) 
tends to following sum of two convergent limits 



hm y ejs^M^^-g) 

n->oo ^^^ \Dn\ 

s<£{rc+As{Wc,k))nD„n{D„+g) ' ' 

se(rc+As(H'c,fc))nC„ ' ' 

To see it, by Condition 2, Claim 4 and Proposition 2, the two limits in (6) 
are convergent, and (6) is 

Jim^ E (e(.'^)^F^7)+c,(.^)), 

' ' se{rc+AsiWc.k))nD„n{D„+g} 



which summand is E[XsX5_g]. Hence it holds almost surely that (5) tends 
to (6) as n goes to infinity. 

By taking the summation (5) and (6) respectively over any (C, k) S 
{L/M) X {0, . . . , £} such that Sc,k j^ 0) by Claim 4(3), we have almost surely 
Vojig) = VEluj]{9) + Ag, and thus T^ = Teh + Egss-s ^9X(-5)- 

(1) By Proposition 4 and Condition 2, E[a;] is indeed pure-point. 

(2) The Radon-Nikodym derivative A{x) — ^ges-s ^gX{~g) is actually 
Mx) ~ J2geD^gXi—9)- Indeed Cov[Xs, X^-g] is equal to for any g e 
(S - S)\D and for any s e AoiW) fl {Ao(W) + g), because a pair of X^ 
and Xs~g is independent for this g by Definition 4. 

Corollary 1 Under the same assumption as in Theorem 2, the smallest d- 
set of the FRMS is the support of the Dirac comb which is obtained by the 
inverse Fourier transform of the absolutely continuous component A of the 
diffraction measure %^. 

Proof The inverse Fourier transform of A is Jg X^og-D ^gX{~9)x{^)d'X which 
is T,geD h ^aX{-9 + x)dx = T,geD ^a^ai^)- 

Example 5 If the frms in Theorem 2 is independent, it has a d-sct D ~ {0} 
by Lemma 2 and the absolutely continuous component of the diffraction 
measure 7^ is A = lim„ Y.s^A{W)nD„ V[Xs]/|D„|. 

If we add a mild condition ^^Cl{Int{W)) = W" to the theorem, we can 
quantitatively provide the pure-point component 7e[w] by using a following 
theorem (Theorem 3) (and can dispense with Proposition 4.) 



5 Diffraction of weighted Dirac comb and torus parametrization 

Let w be a weighted Dirac comb on yl(VF), which is a c.p. set over a c.p. 
scheme S = (0,©int,i). If oj satisfies mild conditions, then the diffraction 
measure 7^ is a pure-point measure on ©. To describe the support of 7!^, 
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wc use the dual c. p. scheme (©, 0int, -C) for the c.-p. scheme S. Here C is the 
LCAG of (x,?7) G 03 X ©int such that x{s)vis*) = 1 for aU (s, s*) £ L. Then 
(©, Q3int, ^) is indeed a c.-p. scheme. See [18, Section 5] for the proof. Let C 
{L* resp.) stand for the canonical projection of £ to © (C5int resp.), and let 
the star map be (— )* : C -^ C* . Then 



x(s)=x*(s*) (xeAseL). (7) 

Let T = © X ©int/i- Then the lattice 

£ ~ T. (8) 

Recall that \L\ = L dxdy. 

We say an FLC set P C © is repetitive if for every compact K C & there 
exists compact K' C © such that for all ti,t2 6 © there exists s £ K' such 
that (ti + P) n K = {s + t2 + P) Ci K. According to [22], we say a window 
W C ©int has no nontrivial translation invariance if {c S ©int ; c + W = 
W} = {0}. 

Theorem 3 Assume that A{W) is a repetitive model set over a c.-p. scheme 
(©,©i„t,Z) where A{W) - AiW) generates L, W = CliInt{W)), W has no 
non-trivial translation invariance, and \dW\ = 0. 
Then, for any b £ Cbp (©int), supp6 C W, 






E 



\H-x*) ' 



\L\ 



-S^. 



Here S^ is a Dirac measure of © such that S^ (A) = 1 if s E A and otherwise, 
for any A C &. 

The theorem with the physical space © being K" was proved by Hof [13], 
the theorem for Dirac combs with constant weights was by Schlottmann [22], 
and the theorem for weighted Dirac comb with the weights arising from 
an "admissible" Radon-Nikodym derivative of the L-invariant measure was 
studied in Lenz-Richard [l(i, Theorem 3.3]. Our theorem is another form of 
weaker version of Lenz-Richard's theorem. 

In order to prove the theorem, we employ a uniquely ergodic dynami- 
cal system Xyi(w) rnade from yl(VF), and connection of the autocorrelation 
measure juj to a complex Hilbert space over Xyi(n/) . Then we prove lemmas 
about the so-called torus parametrization of yl(M^), introduced in [3] and 
generalized by [22]. 

Proposition 6 ([22]) 

1. For every FLC set Ac 0, the closure Xa of the 0-orbit {A + g ; 5 £ ©} 
of A with some uniform topology is a complete, compact Hausdorff space. 

2. Suppose a model set A :^ A{W) satisfies the same assumption as Theo- 
rem 3. Then Xa will be a minimal and uniquely ergodic dynamical system, 
with the (5 -action {x, P) € <S x Xa i-^ P -\- x G Xa. 



15 



Hereafter, the uniquely ergodic probability measure of Xa will be denoted by 
V, and the complex Hilbert space over Xa with the inner product 

{$1,^2). ■■= I $i{P)¥;(F)dv{P) {<P,^L''{Xa,v)) 

JXa 
will be denoted by L'^{Xa,v)- 

Proposition 7 (Torus parametrization) Assume the same conditions as 
in Theorem 3, and let T be an LCAG (0 x ©int)/i with the Haar probability 
measure t, and let © act on% by {x,t) G © x T 1— > i + (cc, 0) £ T. Then there 
are a continuous surjection 

/3:Xa^1 

and a full measure subset X'^ of Xa such that /3 preserves the &- action, 
(3{A) ~ L and /3' :~ /3|x' 'is injective with the range /3(X^) disjoint from 
P{Xa\X'^). 

From the proposition, we can derive a following: 

Lemma 7 Let L'^{1.,t) be a complex Hilbert space with the inner product 
(ai, a2)r := J.jCti{t)a2{t)dT{t) for ai € L'^{'Z,t). Then u : L'^{Xa^ v) -^ 
i^('X, r) ; 6* I— 7- 6* o (/3')~^ is a bijective isometry. 

By using [1, Proposition 1.4], we can prove the following: 

Fact 1 If X and /i are translationally bounded, nonnegative measures on © 
and {Dn\n is a van Hove sequence on ©, then in the vague topology 

n— >oo I -On I n— >oc; \Dn\ 

Lemma 8 Suppose the same assumption as Theorem 3 holds. Then, for all 
¥'i,</52 S Cc{^), there are unique ^i,<?2 G Cc{Xa) such that for any a: £ ©, 

^^{A-x)^{^,*uJ){x), (9) 

(<^i *i^*7^)(0) = (<?i, <P2),.. (10) 

Proof By using the surjection /3 : Xa -> T of the torus parametrization, 
define 

<?,(P):= Y. v.(-a.)%) {PeXA). 

(x,v)&0(P) 

Then it is indeed a finite sum, because each /3(P) e T is discrete and the 
function gi{x,y) := ipi{—x)b{y) of {x,y) € © x ©int has a compact support 
Ki := supp5i C s\ipp(pi X W for Lpi e Cc{&)- 

To establish <Pi £ Cc{Xa), it is sufficient to verify the continuity of a 
function /^ : T ^ C ; i h^ ^/^ „)g(5i(3^, y)j because ^^ is the composition of 
the continuous function /3 and /i. 
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By the assumption, for all e > there exists a compact neighborhood 
[/ C © X ©int of such that for all z, z' e © x ©i„t with z' S z + C/, 
\gi{z') — gi{z)\ < e. Then {z + L \ z e [/} is a compact neighborhood of 
in 1. Let t',t S T such that t' — t belongs to the compact neighborhood 
{z + L; zee/}. Thent' = t+{u,v) for some {u,v) e U. So \Mt') - Mt)\ < 
J2zet \9i (^ + i^T^)) ~ 9i{^^\- We show it is less than 4l'{{Ki — U) Ci t) x e. 
If z S t contributes to the summand, then z g {Ki — U) H t. Moreover 
# ((Ki — U) Ot) is finite since i is a translation of the lattice L and K — U 
is compact. Thus fi is continuous. 



To prove (9), observe '^i{A — x) ~ "^seL Vi(^^ + x)b{s*) follows from 
(3(A — x) — L ~ (x, 0). Here h(s*) = for any s* ^ W. So the range L of s in 
the summation can be replaced with A. Thus (9) holds. 



The left-hand side of (10) is lim„ i tpi * tp2 * '^Icn * <^\d„ ) (0) • \Dn\ ^ by 
definition of 7^;. But by Fact 1, it is lim„ ( {tp2 * w) * (ipi * ^)\d„ )(0) • \Dn\~^, 



which is equal to lim„ Jp (1>2{A - x)(l>i{A - x)dx ■ |Ai| ^ by (9). By the 
pointwisc crgodic theorem [21], it is /^ <p2{P)'^i{P)di^{P) = (^1, ^2)^ ■ 

Here is a technical lemma concerning van Hove sequences and uniformly 
discrete sets. 

Lemma 9 For any uniformly discrete subset A of <5, any bounded complex 
sequence {ws}seA, o,ny x G ©, and any (p G Cc(©), 



1 



\D^ 



X] ■^■' / X(x)^{x ~ s)dx - ^ Ws 



seA •'-"" seAnD„ 

tends to 0, as n goes to cxd. 
Proof The numerator is bounded from above by 



xix)ip(x — s)dx 



y i"^si I ^ip(x — s)\dx + 2_, \'^s\ \ \ip(x — s')\dx . (11) 

The summands in the former summation and the latter summation are 
bounded, because so are the sequence {ws\s^a and ip G Cc{^)- So it is 
sufficient to show that the set of s that "contributes" to (11) has density 
with respect to {-DnjneN- 

Let s ^ A "contribute" to (11). If s G A "contributes" to the former 
summation, then s G £)„ for some x ^ D„ such that x — s ^ supp ip. So 
s G {CI (© \ £»„) - suppvj] n £>„ C a'^^PP'^ (£>„), by (1). On the other hand, 
if s e yl "contributes" to the latter summation then s ^ £>„ for some x £ £)„ 
such that X — s G supp 99, so s G (D„ — supp(/?) \ Int(D„) C c^'^pp"^ (£>„). 
Then s e a""PPv'(AOua-"^PP'^(i:'„) C d^(Dn) for some compact set i^ C 
such that K = —K D supp pi. 

Thus we have only to verify lim„^oo #{s G /I ; s G i9^^(D„)}/|D„| = 0. 
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This is proved as follows: Because of Lemma 1, we have U + {s ^ A ; s S 
d^{Dn)} C d^^^ {Dn)- The Haar measure of the left-hand side of the inclu- 
sion is \U\ ■ #{s e yl ; s e d^{Dn)) because {A- A)<^{U -U) = {0} implies 
{s + U)n{t + U) = for any distinct points s,t & A. Thus |C/| -limn-^oo #{s S 
yl ; -s G d'^{Dn)}/\D^\ < lim„^oc> \d^^+^{D„)\ /\Dn\ = by the definition 
of van Hove sequence. 

Lemma 10 Suppose the same assumption as in Theorem, 3. Then 

1. the isometry l followed by Fourier transform is an isometry from i^(T, r) 
to a complex Hilhert space i^(T) with the inner product (ki, ^2)^ := 
E^e5 '^i(0'«2(C) for Hi G T. 

2. A correspondence ^ G T i— > x ■= ^((•lO) + L) ^ C is a bijection from T 
onto C such that for (/3i, ^1 of Lemma 8, 



ii<i>,m - ^^rr^K-x*) (C e ^)- 



Proof (1) By (8), the inner product of the Hilbert space i^(T) is in fact a 
summation. Use that Fourier transform is an isometry. 

(2) First we wiU show x & ^- Let T]{y) be C((0, y) + L) {y & ©int). 
Then x G © and ry G ©int- Moreover, for any {s,s*) G £, x(s)'7(s*) is 
C((s, 0) + Z)e((0, s*) + L)= a{s, 0) + L + (0, s*) + L) ^J{{s, s*) + L) = C(Z) 
which is 1 because ^ G (0 x ©int/ip. Thus (x^v) G £. So x G £. Next we 
will show the correspondence from ^ to x is injective. Let .^i G T (i = 1,2) 
correspond to a same element of £. Then for any x G &, ^i{(3{x + A)) = 
^i{{x,0)+L) = ^2{{x,0)+L) = ^2(/3(a;-t-yl)). Because the ©-orbit of yl is dense 
in Xa and j3 : Xa — > T is continuous surjection, the continuous mappings ^i 
agree on a dense subset of T, from which ^1 = ^2 follows. We will show that 
any x G £ is mapped from some ^ G T such that ^{{x,y) + L) = x{x)x*{y) 
for any (x,y) 4- i G T. This ^ is well-defined because for any {x',y') = 
{x,y) + {s,s*) with {s,s*) G L, we have x(s)x*(s*) = 1 by (x,X*) G ^ 
and thus x(a;')x*(y') = xix)x*iy) x x(s)x*(s*) = x(a;)x*(y)- This ^ indeed 
corresponds to x because ^((a;,0) + L) = x(2;)x*(0) = xi^)- 

Now, the left-hand side of the statement is J^£,{t){L'Pi){t)dT{t), which 
is J-^ ^ o /3(P) (I>i{P)dv{P) by Lemma 7. By the pointwise ergodic theo- 
rem [21], the integral is hm„^oo /^ C {Pi^ ~ x))<l>i{A — x)dx ■ |_D„|~^. Since 
j3{A — x) ^ L — {x, 0) by Proposition 7, we have ^ (/3(yl — x)) = xi^)- By (9) 
and w ^ Y.seA{W) Ks*)Ss 






(i.<l>i)(e) = lim — - / x(a;) > ^i(x-s)5(s^)da;. 
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We can apply Lemma 9 to above, since yl(M^) is miiformly discrete, the 
sequence {&(s*)}sg/i(vF) of weights is bounded, and Lpi e Cc{®)- Thus 

(i<?i)(0= hm — — V 5(s*) / x{x)lpi{x - s)dx. 

n-)-oo \L>n\ ^ — ' Iff. 



Here j^ x(x)iy9i(x — s)dx ~ x(s)<^(— x) is X*{^*)^{^X) by (7). Therefore 
(75r)(0=^(-x)lim^ Y. WWW)- (12) 

Since b S Chp(©int) has weh-defincd 6, Proposition 2 for model sets implies 

that the limit in (12) is j^ b{y) x*{y)dy/\L\, which is b{—x*)/\L\ by supp5 C 
W. Therefore (12) implies the desired consequence. 

Proof of Theorem 3By Proposition 3, it is sufficient to verify 

2 



(^ * m^)d^u^) = /^ m^i)\'d\ Y, .^.^ s^ I (7) > 0. (13) 

Since ''yZ = Jlu, the leftmost integral is {{(f * (p) * 7^)(0), which is {<P, <I>)i, by 

2 

• |i|~^, the right-hand side 



(10). By Lemma 10, it is Exe£ v{-x)K-X') 
of (13). D 

By the Theorem we have proved, we can see that the pure-point diffraction 
is still observed as long as the sample path and the expected displacement of 
random weights are both continuous on the internal space of the model set. 
The condition is comparable Baake-Moody's sufficient condition for deter- 
ministic model sets to have pure-point diffraction; their condition demands 
the continuity with respect to the internal space. 

Theorem 4 Suppose the same assumptions as in Theorem 3. If a complex- 
valued stochastic process {By{u))}y^w is such that the sample path bijj) = 
lw{y)By{'-^) is continuous on W almost every u andY^lByBz] is continuous 
on y and z, then a Dirac comb J^seAfiV) ^s*^s has a diffraction measure 
which expectation is pure-point 

E[|&(-X)l 






L^ \l\2 X- 



For example, if W^ = [0, 1], {By^y^w is an Ornstein-Uhlenbeck process. 

In [9], for particle gases over FLC sets with Gibbs random field under a 
suitable interaction potential restrictions, Baake-Zint proved that the diffrac- 
tion measures do not have singular continuous components and explicitly de- 
scribed the pure-point component and the absolutely continuous component 
by using the covariancc of the random field. 

Acknowledgements The first author thanks Prof. Michael Baake and anonymous 
referee. 



19 



References 

1. Argabright, L., Gil de Lamadrid, J.: Fourier analysis of unbounded measures on 
locally compact abelian groups. American Mathematical Society, Providence, 
R.I. (1974). Memoirs of the American Mathematical Society, No. 145 

2. Baake, M., Birkner, M., Moody, R.V.: Diffraction of stochastic point sets: 
Explicitly computable examples. Communications in Mathematical Physics 
(2010) 

3. Baake, M., Hermisson, J., Pleasants, P.A.B.: The torus 
parametrization of quasiperiodic Ll-classes. Journal of Physics 
A: Mathematical and General 30(9), 3029-3056 (1997). URL 
http : //stacks . iop . org/0305-4470/30/i=9/a=016 

4. Baake, M., Lenz, D., Moody, R.V.: Characterization of model 
sets by dynamical systems. Ergodic Theory Dynam. Systems 
27(2), 341-382 (2007). DOI 10.1017/S0143385706000800. URL 
http : //dx . doi . org/10 . 1017/S0143385706000800 

5. Baake, M., Moody, R.V.: Diffractive point sets with entropy. J. Phys. A: Math. 
Gen 31, 9023-9039 (1998) 

6. Baake, M., Moody, R.V.: Self-similar measures for quasicrystals. In: Directions 
in mathematical quasicrystals, CRM Monogr. Ser., vol. 13, pp. 1-42. Amer. 
Math. Soc, Providence, RI (2000) 

7. Baake, M., Moody, R.V.: Weighted Dirac combs with pure point diffraction. 
J. Reine Angew. Math. 573, 61-94 (2004) 

8. Baake, M., Moody, R.V., Schlottmann, M.: Limit- (quasi) periodic 
point sets as quasicrystals with p-adic internal spaces. J. Phys. A 
31(27), 5755-5765 (1998). DOI 10.1088/0305-4470/31/27/006. URL 
http : //dx . doi . org/10 . 1088/0305-4470/31/27/006 

9. Baake, M., Zint, N.: Absence of singular continuous diffraction 
for discrete multi-component particle models. J. Stat. Phys. 
130(4), 727-740 (2008). DOI 10. 1007/sl0955-007- 9445-3. URL 
http://dx.doi.org/10.1007/sl0955-007-9445-3 

10. Barabash, R., Ice, G., Turchi, P. (eds.): Diffuse Scattering and the Fundamental 
Properties of Materials. Momentum press (2009) 

11. Hewitt, E., Ross, K.A.: Abstract harmonic analysis. Vol. I, Grundlehren der 
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sci- 
ences], vol. 115, second edn. Springer- Verlag, Berlin (1979). Structure of topo- 
logical groups, integration theory, group representations 

12. Hof, A.: Diffraction by aperiodic structures at high temperatures. J. Phys. A 
28(1), 57-62 (1995). URL http://stacks.iop.org/0305-4470/28/57 

13. Hof, A.: On diffraction by aperiodic structures. 
Comm. Math. Phys. 169(1), 25-43 (1995). URL 
http: //projecteuclid.org/getRecord?id=euclid.cmp/ 11042726 10 

14. Janot, C: Quasicrystals: A primer. Monographs on the physics and chemistry 
of materials, vol. 50, 2nd edn. Oxford University Press (1994) 

15. Lenz, D.: Continuity of eigenfunctions of uniquely ergodic dynami- 
cal systems and intensity of Bragg peaks. Comm. Math. Phys. 
287(1), 225-258 (2009). DOI 10.1007/s00220-008-0594-2. URL 
http: //dx .doi . org/10 . 1007/s00220-008-0594-2 

16. Lenz, D., Richard, C: Pure point diffraction and cut and project schemes for 
measures: the smooth case. Math. Z. 256(2), 347-378 (2007). DOI 10.1007/ 
S00209-006-0077-0. URL http : //dx . doi . org/10 . 1007/s00209-006-0077-0 

17. Meyer, Y.: Algebraic numbers and harmonic analysis. North-Holland Publish- 
ing Co., Amsterdam (1972). North-Holland Mathematical Library, Vol. 2 

18. Moody, R.V.: Meyer sets and their duals. In: The mathematics of long-range 
aperiodic order (Waterloo, ON, 1995), NATO Adv. Sci. Inst. Ser. C Math. 
Phys. Sci., vol. 489, pp. 403-441. Kluwer Acad. Publ., Dordrecht (1997) 

19. Moody, R.V.: Uniform distribution in model sets. Canad. Math. Bull. 45(1), 
123-130 (2002) 

20. Miiller, P., Richard, C: Ergodic properties of randomly coloured point sets. 
arXiv:1005.4884v2 (2011) 



20 



21. Nevo, A.: Pointwise ergodic theorems for actions of groups. In: Handbook of 
dynamical systems. Vol. IB, pp. 871-982. Elsevier B. V., Amsterdam (2006) 

22. Schlottmann, M.: Generalized model sets and dynamical systems. In: Directions 
in mathematical quasicrystals, CRM Monogr. Ser., vol. 13, pp. 143-159. Amer. 
Math. Soc, Providence, RI (2000) 

23. Stroock, D.W.: Probability theory, an analytic view. Cambridge University 
Press, Cambridge (1993) 



A Proof of "If Int{W) ^ then A{W) is relatively dense." 

Forms of this assertion have already appeared in Schlottmann, Lagarias and so on. 
Since L is a lattice of 25 x 25int, there is a complete system C of representatives 
of a compact, quotient set (25 x 25int)/I/ such that C is relatively compact. Then 
X ©int = L + C . Since the window W has nonempty interior and L* is dense in 
©int, it follows that 25int = L* — W . Moreover, since nint{Cl{C)) is compact, there 
is a finite subset F of L such that /Zint (CZ(C)) C F* -W. Let K := n(Cl{C)) - F, 

which is compact in 25. For each a; £ 25, there are {t,t*) € L and (c, d) £ C such 
that {x,0) = (i,f*) + (c, d). Since 77int(C) C F* -W, there aie f € F and w €W 
such that d — f* — w. Then 

{x, 0) = (t, t*) + (c, f ^w) = (t + c, t* + f -w). 

Sot* + r ^w eW, and thus t + fe A{W). Since x = f + c = (i + /) + (c - /) 
and c - / G i7(C) - F C K, we have x € A{W) + K. Therefore © = A{W) + K. 



